Let /: X -* A be the canonical mapping from the irreducible and nonsingular surface X to its Albanese variety A, X(n) the «-fold symmetric product of X, and Hx the punctual Hubert scheme parameterizing O-dimensional closed subschemes of length n on X. The latter is an irreducible and nonsingular variety of dimension In, and the "Hilbert-Chow" morphism a": Hx -> X(n) is a birational map which desingularizes X(n). Let/": X(n) -» A denote the map induced by/by addition on A. This paper studies the singularities of the composite morphism <p":Hx°lx(n)^A, which is a natural generalization of the mapping C(n) -> J, where C is an irreducible and nonsingular curve and J is its Jacobian. Unlike the latter, however, <pn need not be smooth for n > 0. We prove that q>" is smooth for « » 0 only if /: X -» A is smooth (Theorem 3), and over C we prove the converse (Theorem 4). In case X = A is an abelian surface, we show <pn is smooth for n prime to the characteristic (Theorem 5), and give a counterexample to smoothness for all « (Theorem 6). We exhibit a connection (over Q between singularities of tp" and generalized Weierstrass points of X (Theorem 9).
which is a natural generalization of the mapping C(n) -> J, where C is an irreducible and nonsingular curve and J is its Jacobian. Unlike the latter, however, <pn need not be smooth for n > 0. We prove that q>" is smooth for « » 0 only if /: X -» A is smooth (Theorem 3), and over C we prove the converse (Theorem 4). In case X = A is an abelian surface, we show <pn is smooth for n prime to the characteristic (Theorem 5), and give a counterexample to smoothness for all « (Theorem 6). We exhibit a connection (over Q between singularities of tp" and generalized Weierstrass points of X (Theorem 9).
Our method is as follows: We first show that the singularities of <p" are the zeros of certain holomorphic 1-forms on Hx which are the "symmetrizations" of holomorphic 1-forms on X. We then study "symmetrized differentials" and their zeros on H'x (Theorems 1,2). Our method works for curves C as well; we give an alternative proof of a result of Mattuck and Mayer [10, p. 226] which shows that the zeros of symmetrized differentials onC(n) represent (for C complete nonsingular) the special divisors of degree n on C.
Introduction. Let /: C -» J be the canonical map from the complete nonsingular curve C to its Jacobian J. Much of the classical theory of curves can be expressed in terms of the induced map/": C(n) -> J, where C(n) is the n-fold symmetric product of C: The fibers of fn are projective spaces which represent the complete linear systems of degree n on C; the Riemann-Roch theorem (for positive divisors) computes the dimensions of these fibers for all n > 0. The special divisors of degree n are represented on C(n) by the singularities of /"; in particular, the nonexistence of special divisors of degree > 2g -2 (g -genus of C) is equivalent to the smoothness of /" for n > 2g -2. The Weierstrass points of C are those points P E C for which the divisor gP is special, i.e., the point on C(g) representing gP is a singularity of /". And so on. In this paper, we study a natural higher dimensional analogue of the mapping fn. (Note: we work over an algebraically closed ground field k, of arbitrary characteristic except where noted.) Let X be an irreducible and nonsingular projective variety of dimension d > 1, and/: X -» A the canonical map from X to its Albanese variety A. The induced map /": X(n) -> A is an analogue of C(n) -» J, but since X(n) has singularities and C(n) does not, the analogy is imperfect. However, when A is a surface, the punctual Hilbert scheme Hx provides a natural desingularization of X(n); it is an irreducible and nonsingular complete variety of dimension 2n whose points represent the closed subschemes of X having Hilbert polynomial n. By associating to each such subscheme Z the 0-cycle 2ri=xniPj, where {Px,.. .,Pr} = Supp Z and n, is the length of Z at Pj, we get a birational map a":Hx^X(n) (the " Hilbert-Chow" morphism), which is an isomorphism over the smooth (offdiagonal) locus of X(n) [3] .
We therefore study the composite morphism "n /»
<p":Hx-*X(n)^A;
since Hç -C(n) [8] , <p" is a natural generalization of/,: C(n) -* J. An earlier paper [6] studied the fibers of tp", and an analogue of "Riemann's theorem" was proved: all the fibers of <p" are irreducible and of dimension 2n -q, for n » 0 (q = dim A). This paper studies the singularities of <p". Guessing from the case of curves, we began the work in an attempt to answer the following Question. Is (¡p" smooth for n » 0. (And if not, where not?) We will see that the answer is, in general, no.
Our basic method for studying singularities of tpn is this: We first observe that the singularities of <pn are the zeros of certain holomorphic 1-forms on Hx, which arise by a process of "symmetrization" from holomorphic 1-forms on X. We therefore study "symmetrized differentials" with an eye toward finding their zeros; Theorems 1 ( §3) and 2 ( §4) are the main results in this direction. (We do not quote the theorems here since their precise statements require extensive preparations.) For curves C, the problem of determining the zeros of symmetrized differentials on Hç = C(n) can be completely solved. The result ((4), §1) appears in a paper of Mattuck and Mayer [10] on the Riemann-Roch theorem for curves. Our methods work for curves as well as for surfaces, and we give an alternative proof of this result, which is the prototype of the kind of result we hoped to achieve for surfaces.
We now discuss the structure and contents of the paper in more detail. In §1 we define symmetrized differentials and establish their connection with the singularities of <p". § §2 and 3 are devoted to the formulation and proof of Theorem 1 ; §2 contains preliminaries on tangent bundles (especially the tangent bundle of Hx), and §3 contains the proof of Theorem 1, as well as some other basic results concerning symmetrized differentials. In §4 we use the "linear determinant" [8] to prove Theorem 2; in tandem, Theorems 1 and 2 allow us in certain cases to find zeros of symmetrized differentials, essentially by direct computation. In §5, we make four applications of Theorems 1 and 2 to obtain the principal results of the paper. Application 1 contains our alternative proof of (4) for curves. In Application 2, we answer the question concerning smoothness of <pn for n » 0 raised above. We prove Theorem 3. Let X be an irreducible and nonsingular surface for which the Albanese mapping f: X -» A is not smooth. Then for n = r(r + l)/2, r > 0, the mapping %:
Hx -* A is not smooth.
Over the complex numbers, we have the converse as well: Theorem 4. Let X be an irreducible and nonsingular surface/C, with q = dim A > 0. Then the following are equivalent:
(i) <p": Hx -» A is smooth for n»0;
(ii) the Albanese mapping <¡d, -/: X -» A is smooth; (iii) every nonzero holomorphic l-form co = f*(uA) has no zeros on X (0 ¥" icA E nQA)y, (iv) <pn: Hx -A is smooth for all n > 0.
In particular, the conditions of Theorem 4 are satisfied when X = A is an abelian surface/C. We study abelian surfaces in arbitrary characteristic in Application 3; we show that <£>": Hx -» A is smooth if n is prime to the characteristic (Theorem 5), but that whenever n = m2 = 0 (modchark), <pn is not smooth (Theorem 6); indeed, it has singularities in every fiber.
In Application 4, we formulate and prove a generalization of (4) for curves to the case of surfaces (Theorem 8). This is then used in (the final) §6 to relate the differential behavior of <jp" to generalized Weierstrass points on X (Theorem 9), in analogy with the classical result for curves mentioned above.
I wish to thank Steven Kleiman and Arthur Mattuck for all their help, and Robert Lax, who suggested the connection between generalized Weierstrass points and singularities of <pn and inspired the results of Application 4. I also thank the referee.
Conventions. In addition to those established above, we make the following conventions. (Recall that we work over an algebraically closed ground field k, of arbitrary characteristic except where noted.) By a k-scheme we mean a separated scheme of finite type over k; a variety is a reduced /c-scheme. A point of a /¿-scheme is a /c-rational (or closed) point, unless otherwise stated. If 2¡= \n¡P¡ is a 0-cycle on a variety Y, the associated point of Y(n) is written (2r!=xnlPl), and if Z is a 0-dimensional closed subscheme of length n on Y, the associated point of Hy is written [Z] . We use C for a curve, X for a surface, and V for either, in discussions that apply to both cases. These will always be irreducible and nonsingular, but projective only when noted.
1. Symmetrized differentials and singularities of tp". Let V be an irreducible and nonsingular curve or surface, w a holomorphic 1-form on V, and w¡: V -V the z'th projection map. The 1-form u" -2?_ ,«■,*(•«) on V" is invariant under the action of the symmetric group, so it induces on V(n) a rational 1-form u(n); using the morphism ay. Hv -» V(n), we pull back w(n) to obtain the 1-form u[n, (the symmetrization of co) on Hv. A priori we know that w(n) is holomorphic on the locus V(n)0 = {(Px + ■■■ +Pn)\P^ Pj for z ^y}, over which V" -F(n) is etale; thus w[n] is holomorphic on ayx(V(n)0), since a" is an isomorphism over V(n)0. (Of course, when F is a curve, Hv = K(n) and w|n] = w(n).) We will show that uXnX is holomorphic everywhere on Hv (Proposition 3); in characteristic 0, this is a special case of [14, Theorem 3 or 11, p. 197 ]. It will follow that the map to h* u[n] defines an injection T(Qxy) -* T(üxHn) which is an isomorphism when V is projective (Proposition 4).
We now explain the connection betwen symmetrized differentials and singularities of the Albanese mapping <py. Hy->A. We first recall the following criterion for smoothness at a point:
(1) A morphism g: 5 -» W oí nonsingular varieties is smooth at s E S if and only if the differential map Dg: TSS -» TWW is surjective, where w = g(s) and TSS and TWW are the tangent spaces to S at s and W at w, respectively [1, VII, 5.5] .
This criterion may be applied to <p" since its domain and range are nonsingular varieties. Let [Z] G Hv -H and a = <p"([Z]) G A. Dualized, (1) says that <pn is smooth at [Z] if and only if the map (D<pn)*: TA* -* TH*Z] of cotangent spaces is injective. But a nonzero covector at a determines (and is determined by) a nonzero global holomorphic 1-form on A by translation; if the pullback of this 1-form to H has a zero at [Z] , it follows that (Dq>n)* is not injective. We conclude: (2) [Z] G H y is a singularity of <p" if and only if for some nonzero global holomorphic 1-form uA on A, the pullback <p*(uA) is zero at [Z] .
Therefore, to determine the singularities of <pn (or prove that none exist) we have to determine the zeros of the differentials <p*( uA ) (or prove that none exist). The first (short) step is to observe that <p*(uA) is a symmetrized differential; in fact, (3) q>*(uA) -o>[n], where w = f*(<oA) is the pullback of uA to V by the Albanese mapping/: V -> A.
Proof. It is enough to prove that f*(uA) = w(n) on V(n), or equivalently (separability of Va -> V(n)), that the pullback of uA by the composite mapping V" -» V(n) -> A is w" -2"=1vr*(w). But the latter map is the sum of maps (2"=1/° w,):
V" -» A, and since the pullback of uA by a sum of maps is the sum of the pullbacks r(S^) -T(SlXy) [17] . If V is complete and the base field is C, then /* is an isomorphism [18, §9] . The second (long) step is to determine the zeros of symmetrized differentials on Hy. Efforts to solve this problem have led to Theorems 1 ( §3) and 2 ( §4), which solve the problem "in principle" if not always in practice. Briefly, these theorems enable us to compute the covector u[nX: TH[ZX -* k induced at [Z] G Hv by the symmetrized differential w[n]; if this covector is the zero map, the 1-form to, . has a zero at [Z] . In practice, the computations can be carried out whenever a convenient basis of THyZX can be written down.
For example, when F is a curve C, the problem of determining the zeros of symmetrized differentials can be completely solved: (4) u(n) is zero at (ïlrj=xnjPj) E C(n) <=> (w) > 1ri=xn(P¡, where (u) is the divisor of w on C. This is proved in [10, p. 226 ] using the theory of symmetric polynomials (Newton's identities); it is a cornerstone of the proof of the Riemann-Roch theorem for curves given in the same paper. Theorems 1 and 2 can be applied in case V = C to give an alternative proof of this result (Application 1, §5).
In case F is a surface, no such complete solution is obtained; we have several partial results (Applications 2-4 of §5) which yield some information about the singularities of <p", as indicated in the Introduction. Our first goal is the formulation and proof of Theorem 1, which occupies §3; the necessary preliminaries on tangent bundles are the subject of the next section. TY is defined and studied in [4, IV, (also [2, pp. 65-72] ), though it is not explicitly pointed out there that TY represents Yc. To see this, we must construct a natural bijection (6) Hom(S[e],y) = Hom(S,7T)
for any /c-scheme S; by standard arguments, it suffices to do this when Y = Spec B is affine and when Ye is restricted to the category of affine /c-schemes. In this case, by definition, TY = V(ily/k) = Spec(SymmB(SlxB/k)), where fiB/A. is the module of Kahler differentials of B, trivial on k, and Symms(-) is the functor assigning to any fi-module its symmetric algebra. If S -SpecR, then a map g: S -» TY has comorphism g*: SymmB(ilxB/k) -» R; in particular, R becomes a ß-algebra by the map g*: B -* R, which is the composition of g* and the natural map B -* Symmfl(fis/¿) (the comorphism of the projection map p: TY -* Y). By the universal property of the symmetric algebra, g* corresponds uniquely to a 5-module homomorphism g*: tlxB,k -» R, which in turn corresponds uniquely to a derivation Dg,\ B -R, trivial on k, by the universal property of &xB,k. Using this derivation, one constructs a homomorphism of /c-algebras B -*R®kk[e] = R ®eR, br+g*(b) + eD .(b), which is the comorphism of a map g'\ S[e] -» Y; one checks easily that g h> g' is a natural bijection, which gives (6) and establishes (5 is the product of Y and a vector space, linear coordinates for which are given by the to,. Since the sheaf of holomorphic 1-forms on a nonsingular variety is locally free, the tangent bundle of a nonsingular variety is locally the product of the variety and a vector space. Moreover, (8) to give a holomorphic 1-form on a nonsingular variety Y is the same as to give a holomorphic function on TY which is linear on each fiber TY.
Proof. A holomorphic 1-form on Y determines a linear functional (covector) on TY for all y E Y; the union (roughly speaking) of these functional gives the desired function. More precisely, it is enough to consider the case where Y = Spec B and SlxB/k is free over B with basis co,,... ,ar, so that TY = Spec z5[co,,... ,wr]. Since the «, give linear coordinates on each fiber TY, the holomorphic functions linear on each fiber are clearly given by the linear polynomials 2|"=1/3,co, G B[ux,... ,cor], but these are also exactly the elements of $lxB,k, and (8) follows.
We now consider the case Y = Hv -H, where V is an irreducible and nonsingular curve or surface. (Actually, V could be any quasiprojective /c-scheme.) By using (5) and the universal property of H, the functor of points of TH can be precisely described.
Let S be a /c-scheme and g: S -* TH a morphism. We have a commutative diagram (as in (7) (10) ) by multiplication by h.
Remark. In this proposition we implicitly assume that V is affine, since if V is projective, the holomorphic functions on V are constants and the conclusion is trivial.
Proof. By (5), TH represents the functor Hc, so we may construct n as a morphism of functors.
Given a /c-scheme S, we define a map , h is the linear map given by multiplication by n as described above, so the proposition is proved. D 3. Statement of proof of Theorem 1. We begin by proving Proposition 2, which is a preliminary version of Theorem 1, and which plays a key role in the proof of Proposition 3. Let V be an irreducible and nonsingular curve or surface (so that Hv is also irreducible and nonsingular), to a holomorphic 1-form on V, and h a holomorphic function on V. We assume that o)inX, the symmetrization of u, is holomorphic on Hv = H; by (8) For the proof of Proposition 2 and elsewhere we need the following Remarks. Let «,,...,nr be positive integers whose sum is n, and let Hv' -Hn¡, Hy -H". Then there is a rational map V -+ V(n)°^H" is étale at (Px,...,Pn) and is clearly equal to the rational map X = Xx , (n l's) as discussed above (11), where we identify V and Hxv. It is therefore enough to prove that the pullbacks A*((nco)[n]) and X*(co[n] ° h) give the same covector at (Px,...,Pn)EV.
Clearly we have that X*((nto)[n]) = (nto)" = 2;=1/z,to,, where n, = 77,*(n) and to, = w*(co). Hence, given a tangent vector v -(vx,...,vn)E TVi"P¡ p j at © ¡LXTVP, we see that
We must show that X*(u[nX ° h) has the same value on the tangent vector v. Let us compute:
where u" = 2"=1to, and n' is the linear map on TV"P P ) defined by the equation DX(h'(v)) = h(DX(v)) (which exists since DX: TV"P P , -» TH"ZX is an isomorphism). We now compute n'. If i is the sheaf of ideals defining Z = II"=1.P,, then the sequence of isomorphisms (12) Using this to complete the above calculation, we get
which proves the proposition. D Now we drop the assumption that to[n] is holomorphic in order to prove it so: Proposition 3. Let V be an irreducible and nonsingular curve or surface, and os a holomorphic l-form on V. Then o¡^nX is holomorphic on Hv. Proof 
where g, = tr*(g); since 2"=,g, is symmetric, it determines a holomorphic function
is holomorphic, since o*(g(n)) is a holomorphic function on Hö; thus (13) covectors THyZX -* TH^ZX -» k. In the next section, we show how the covector induced by (dga)inX can be computed explicitly (Theorem 2). Meanwhile, for completeness, we prove Proposition 4. Let V be a nonsingular and irreducible curve or surface. Then the map co i-> C0j"] defines an injection T(ilxy) -» r(ßj/»), which is an isomorphism if V is project ive.
Proof. Since w[n) is holomorphic by Proposition 3, the map is defined, is clearly linear, and is injective since to[n] = 0 on #£ => w(B) = 0 onF(n) =» u" = 0 on V => co = 0 on K. It remains to prove, assuming V is projective, that the map is surjective.
Let aH be a holomorphic 1-form on Hv, and let <¿y(n) be the rational 1-form on V(n) corresponding to uH by the birational map ay. Hv -» V(n). Let av" be the pullback of coK(n) to V". In case F is a curve, V(n) = Hv and toK(n) = u>H is holomorphic on V(n); hence uv* is holomorphic on V. In case Fis a surface, uv" is holomorphic off the branch locus of V" -» V(n), which has codimension > 1 for n > 1; hence tov" is again holomorphic. In either case, wv. is invariant under the action of the symmetric group, and since any (global) holomorphic 1-form on a product of projective varieties is a sum of 1-forms coming from the factors, we see that Uy" -2"=i7t,*(co) for some holomorphic 1-form to on V. Using the separability of V -» V(n), we conclude that o>V(n) -co(n); it follows that cow = oe[n], which proves the surjectivity. D 4. The linear determinant and Theorem 2. As above, we let V be an irreducible and nonsingular curve or surface (although much of this section remains valid when V is an arbitrary quasiprojective variety). The goal of this section is the proof of Theorem 2, which gives a formula for the covector induced on TH[ZX (H = Hv) by a symmetrized differential dg[n], where dg is an exact 1-form holomorphic on a neighborhood of Supp Z E V. This formula can be computed explicitly whenever a "convenient" basis of TH[Z] can be written down.
The proof of Theorem 2 is essentially a direct computation made possible by an explicit description (given in [8] ) of the morphism ay. Hv -» V(n) as a morphism of functors (of points). In the proof, we apply this description of an to /c[e]-valued points (tangent vectors) of Hv.
We now summarize what we need from [8] . Let T be a /c-scheme, and v. T -» Hv a T-valued point of Hv, which corresponds to a closed subscheme W = Wv C V X T, flat and finite of degree n over T. In [8, II.2] there is constructed a map (14) 6w/T:T^WT(n), (18) ld(\((I)) = trX and ld(X<">) = det X.
Remaining in the case V= SpecR, T= Spec A, etc., let g be a holomorphic function on V (g G R), and let g(n) (as in the proof of (13)) denote its symmetrization on V(n). As a symmetric tensor, g(n) = 2"=,1 ® ■ ■ • <8>g ® ■ • • ® 1 G Rkn) (g in zth place). Viewing g as an element of R, R ® A, and R ®A/IV = Mv simultaneously, we write g: Mv -» Mv for the /1-linear map given by multiplication by g. If we assume Mv is free over A, then (16), (17), and (18) combine to prove (19) üo*(g(")) = tr(g:M"-MjG^;
this fact is the heart of the proof of Theorem 2. Before proceeding with the proof, we need the following Remarks. Let U be a variety and u E U. A tangent vector to U at u is usually defined to be an element v E DeTk(0,j u, k) » VLomk(Mu/M2, k), and when so defined, the covector dp is given by the equation dp . We now apply Theorems 1 and 2 to obtain the results outlined in the Introduction. Before proceeding with the applications, we need to make some technical preparations. Let V be an irreducible and nonsingular curve or surface, co a holomorphic 1-form on V, and Z a 0-dimensional closed subscheme of V of length n, with support {Px,. -.,Pr}; thus Z = Wi-xZj, where Z, has length n, and is concentrated at Pt. Il V(nt) -V(n) ,= i commutes (on dom(X)), where a is the map that adds 0-cycles. It is therefore enough to prove that a*(u(n)) = 2-=,/?/-,*(co(M)) on Hri=tV(nty, briefly, this is true since both these differentials pull back to co" = 2"= ,w*(u) on V, by the quotient map V = n,r= XV"< -n,r= ,F(n,) (see [ where a E I and ß E v(a). We use this frequently below when making computations in Mv (such as computing tr(g: Mv -* Mv) as required by Theorem 2). Application 1. Let C be an irreducible and nonsingular curve. We apply Theorems 1 and 2 to obtain a proof of (4). We begin with the key computation.
Let P E C, Op = O, the local ring at P, t be a local parameter at P, I -(tn) E O, and Z = Spec O/I; thus [Z] = (nP) E C(n) = H£. It is easy to give a /c-basis of TC(n)(nP) -Wom0(I,0/I); indeed, since {1, t,...,t"~x} (modi) is a /c-basis of O/I, the O-homornorphisms determined by t" \-> t' (0 < i'.< n -1) will do. Hence, any v E TC(n)(nP) is determined by a unique choice of n scalars a¡ E k, thus:
We now compute (trdt)(n)(v) for 0 < r < n -1. By Theorem 1,
where tr ■ v -vr E Hom0(7, O/I) is given by where the last equality results from (21) and (23). The trace is -e • an_r_x, which has e-coefficient -an_r_,; consequently, for t> as in (22), (24) (fá)("¿v) = dt(tt)(vr) = -*._,_,', 0</-<n-l.
We may now prove (4); in view of Proposition 5, it is sufficient to prove the following statement:
(25) co(n) is zero at (nP) E C(n) » (co) > nP, where (co) is the divisor of co on C.
Proof. We use the notation established above. Locally at P we write co = hdt = (¿b0 + bxt + ■ ■ ■ +bn_xt"~x + h")dt, where h" E (tn); using the linearity of co t-> u(n)
and Theorem 1 we obtain ■ w(«) = 2 b^t'dt)^) + dt(n) o h" locally at (nP). which completes the proof. D We set the stage for our next application by proving that if C is a complete nonsingular curve of genus g and A is its Albanese ( = Jacobian) variety, then (26) for n > 2g -1, the map cp" = /": C(n) -* A is smooth.
Indeed, by (2) , it is enough to show that the pullback tp^co^) has no zeros on C(n), where co^ is an arbitrary nonzero holomorphic 1-form on A. But by (3), <P*(cO/<) = co(n) is the symmetrization of the nonzero 1-form co = /*(co^) on C, and by (4), u(n) is zero at (2-=1n,P,) G C(n) « (to) > 2;=1n,/J,. But (co) has degree 2g -2, so for n s* 2g -1, co(n) can have no zeros, and (26) follows. D Application 2. We show that no statement analogous to (26) can hold for the map cp": Hx ~* A for surfaces X: in general, <p" will not be smooth for n > 0. More precisely, we have Theorem 3. Let X be an irreducible and nonsingular surface for which the Albanese mapping f: X -A is not smooth. Then for n = r(r + l)/2, r > 0, the mapping cpy Hx -» A is not smooth.
Remark. The hypothesis holds, for example, whenever dim A s= 3. The proof of Theorem 3 is based on a calculation requiring only Theorem 1, which we state as Proposition 6. Let X be an irreducible and nonsingular surface, co a holomorphic 1-form on X, and x, y local parameters at P E X. Note that MP has colength r(r + l)/2 in the local ring Op (since the classes (mod Mrp) of 1, x, y, x2,...,xr~x, xr~2y,...,yr~x form a basis of 0P/MP over the ground field k), and let Zr -Spec 0P/MP, a 0-dimensional closed subscheme of length r(r + l)/2 concentrated at P. Proposition 6. i/co is zero at P E X, then u[nX is zero at [Zr] E Hxfor all r > 0, n = r(r+ l)/2.
Proof. Since co is zero at P, we may write co = hx dx + h2 dy locally at P, with hx, h2 E M By Theorem 1 Since the LHS is a subspace of the RHS, it suffices to prove that dim^(LHS) = 2n, which is the dimension of the RHS.
To do this, note that MP has r + 1 generators s0 = xr, sx = xr~xy,.. .,sr = yr, which give a /c-basis of MP/MP+X, and likewise MP~X/MP has a /c-basis of r elements given by /0 = xr~x, tx= xr~2y,...,tr_x= yr~x; moreover, r(r + 1) = w(r(r + l)/2) = 2n. One checks easily that given any choice of 2n scalars cz, G k (0 *s z < r, 0 <y < r -1), we get a well-defined Op-linear map v: MP -* MP~ [/MP by setting ü(í,) == 2y=¿cz,y/y, 0 < i < r. Thus dim^(LHS) = 2n, which proves the lemma and the proposition. D Proof of Theorem 3. By hypothesis, /: X -> A is not smooth, say at the point P E X; by (2) applied to/= <p,, this means that for some nonzero 1-form uA on A, the pullback/*^) = co has a zero at P. Let Zr -Spec Op/Mp as above. Then (2), (3), and Proposition 6 combine to prove that (27) [Zr] E Hx is a singularity of <p", where n -r(r + l)/2, r > 0. Letting r -1,2,3,..., we obtain the desired conclusion. D Remark. It is shown in [6, Theorem 3] that for n » 0, all the fibers of tp" have the minimal dimension 2n -q. It follows that <pn is flat for n » 0, since any dominating map from a Cohen-Macaulay (in particular, nonsingular) variety to a nonsingular variety is flat wherever the fibers have the minimal dimension [1, V, 3.5] . Since the singularities of a flat map are singular points of their (scheme-theoretic) fibers [1, VII, 1.8], we see that the singularities of <p" for n » 0 (for example, those given by (27)) are singular points of their fibers.
According to Theorem 3 (28) <p": Hx -> A is smooth for n » 0 => the Albanese mapping /: X -> A is smooth, where X is an irreducible and nonsingular surface.
Our next goal is to prove the converse of (28) holds if the base field is k = C (Theorem 4). In characteristic/) > 0, the converse is false; a counterexample will be given in Application 3 below. For the proof of Theorem 4 we will need Proposition 7. Let X be an irreducible and nonsingular surface in characteristic 0, co cz holomorphic 1 -form on X, and Z a 0-dimensional closed subscheme of length n on X. If o>["] is zero at [Z] E Hx, then co is zero on Supp Z E X.
Proof. In view of Proposition 5, we may assume that Supp Z = {P} C X. We use the theory of induced differentials developed in [11 and 14] . Given any map d: S -> X(n) having domain a nonsingular variety, the symmetrized differential io(n) induces a holomorphic differential denoted c/*(to(n)) on S (which is defined even if the image of S lies in the singular locus of X(n)). The induced differential behaves functorially. If d is dominating, then the induced differential is just the usual pullback of co(n) as a rational differential.
Consider the diagonal map d = dy X ^ X(n) given by d(Q) = (nQ) for all Q E X; by factoring d through X" in the obvious way and using the functorial behavior of the induced differential, we see that ci*(co(n)) = n • co on X. holds near P. But by hypothesis u[nX is zero at [Z], hence its pullback n • co is zero at the preimage of [Z], which is P. Since the characteristic is 0, it follows that co is zero at P, as desired.
To complete the proof, therefore, it suffices to construct a lifting L: U -> H as described above, defined on a neighborhood U of P E X. By the universal property of H, L will correspond to a family of subschemes of X, flat and finite of length n over U, such that the subscheme over Q E U is supported only at Q (to ensure commutativity of the diagram), and such that the subscheme lying over P is Z.
First consider the case X = A2 = Spec k[x, y] is the affine plane, P = (0,0), and Z is defined by the ideal I - (gx(x, y) ,... ,gr(x, y)) E k[x, y]. Consider the closed subscheme W C A2 X A2 defined by the ideal r = (S\(*i -x2, y\ -y2),...,gr(xx -x2,yx -y2)),
where (xx, yx; x2, y2) is a coordinate system on A2 X A2. Map W to A2 by the second projection; we claim that in this way W is a flat and finite family of subschemes of length n over A2.
Note that the fiber of pr2: W -* A2 over (a, ß) is the closed subscheme W(a, ß) of the first factor A2 defined by the ideal W)= (sÁ*\ ~a'y\ -ß),---,Sr(xi -a, yx -ß)); since this is the pullback of 7 = i(00) by an isomorphism (translation) of A2, we see that W(a_S) is supported at (a, ß) and has length n there. This proves that the support of W is the diagonal of A2 X A2, hence pr2: W -> A2 is finite, and since the length of W(a ß) is always n, pr2: W -» A2 is flat as well, by [13, Proposition 8, p . 44].
Finally, since W(00) = Z, the lifting L: A2 -» 77^2 exists as required in this case.
In the general case, since X is nonsingular, there exists a rational map ß: X -» A2 which carries T5 to (0,0) and is étale in some neighborhood U of 7\ Let Z' be the closed subscheme of length n supported at (0,0) G A2 that corresponds to Z under the local analytic isomorphism 0A2 (0 0) -» Ox P. Form the closed subscheme W E A2 X A2 as above, starting with Z' at (0,0), and let W* be the pullback:
The support of W* is the pullback of the diagonal in A2 X A2; since (ß X /?)*:
Supp W* -» Supp W is étale, we have that Supp W* is nonsingular, and therefore is the disjoint union of its connected (irreducible) components, one of which is the diagonal of U X U. Moreover, W* has no embedded components, since it is étale over W and W has no embedded components (being flat over A2). Thus W* is the disjoint union of its minimal primary components, each of which is étale over W. Let WL be the primary component of W* supported on the diagonal of U X U, and map WL to U by the second projection. As above it follows that pry. WL -» U is finite. To see pry. WL -> U is flat, we must check that the fibers all have the same length n, but this follows since these fibers are étale over the corresponding fibers of pry. W -» A2, all of which have length n. Finally, by construction, the fiber of WL over P is Z, so the lifting L exists as required in the general case, and the proposition is proved. D Theorem 4. Let X be an irreducible and nonsingular surface/C, with q -dim A > 0. Then the following are equivalent: (i) <p": Hx -* A is smooth for n » 0;
(ii) the Albanese mapping <p, = /: X -* A is smooth; (iii) every nonzero holomorphic l-form co =/*(co/)) has no zeros on X (0 ¥= coA E r(Qi)); (iv) <p": Hx -* A is smooth for all n > 0.
Proof, (i) =» (ii). This is (28).
(ii) <=> (iii). This follows from (2) applied to <p, = /: X -A.
(iii) => (iv). Suppose (iii) holds, and that for some n, <py Hx -> A has a singularity at [Z] . Then, by (2), qp^co^) is zero at [Z] for some nonzero holomorphic 1-form coL icense or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use on A, and by (3), <p*(oJA) = u[n], where co = f*(uA). Proposition 7 implies that a is zero on Supp Z, but (iii) says that oo can have no zeros, contradiction.
(iv) -» (i). Clear. D Remark. If Ais complete, then (as remarked in §1)/*: F(ilA) -» T(S2^) will be an isomorphism. Then (iii) reads: every nonzero holomorphic 1-form co on A has no zeros on X.
The class of surfaces satisfying the conditions of the theorem is quite restricted: Proposition 8. Let X be a complete nonsingular surface/C with irregularity q > 0, satisfying the conditions (i)-(iv) of Theorem 4. 77zen either X is an abelian surface or X has the invariants q-1, pg = 0.
Remark. Clearly every abelian surface/C will satisfy the conditions of the theorem. Examples of surfaces satisfying (i)-(iv) in the latter class include X = P1 X E, where E is an elliptic curve, and X = E(2) (use (4) to show (iii) holds for £ (2)).
Proof. (I am endebted to the referee for this argument.) By (ii), /: X -» A is smooth, therefore 0 < q < 2. If q = 2, then X is an étale cover of an abelian surface, and consequently is itself an abelian surface an abelian surface/C. In this application we study <pn for abelian surfaces defined over algebraically closed fields k of any characteristic. We give an easy proof that <pn is smooth for n prime to the characteristic, and find a counterexample to smoothness for all n. TA, -TA"
where e E A is the identity and t is the map b i-> [Zb] (whose image is the orbit of [Z]). Since the isogeny of multiplication by n on A is étale whenever p\n (our hypothesis), we have that the horizontal arrow in the right-hand digram is surjective. But this forces the vertical arrow Dq>n to be surjective as well, which proves the theorem. D
Let char k -p > 0. We will show that for any (irregular) irreducible and nonsingular surface X and any n = m2 = 0 (mod p), the map <py Hx -» A has singularities (Theorem 6). To produce these singularities, we need the next proposition, whose proof is an explicit computation based on Theorems 1 and 2.
Let 0P -O be the local ring of P E X, x, y local parameters at P, I = (xm, ym) E O, where p\m, and Z = Spec 0/7. The colength of 7 is n = m2, as may be seen by counting the monomials x'yJ (0 < i, j< m -I), who residues (mod 7) form a /c-basis of 0/7. The point [Z] G Hx = 77 has a remarkable property, given by Proof. Since to = n, dx + h2 dy locally at P, its symmetrization co where the next-to-last equality results from (21) and (29). Whenever s +y s* m, we have thaty^ = -E(2¿r-,J^''>í') ■ yI+>"m (again by (21) and (29)); since e2 = 0, the terms where s + j > m drop out of the sum. From the remaining terms, we get a contribution to the trace when xm~xyJ -xrys+J (=> r = m -1 and s = 0), and this contribution is -Eczm_, 0. Since we get this contribution m times (0 <y < m -1), the trace equals -niEczm_10, which has £-coefficient -mam_xo. But this is zero, since we have assumed that p \ m, so the proposition is proved. D Theorem 6. Let X be any irreducible and nonsingular irregular surface defined over an algebraically closed field k of characteristic p > 0. Then for any n -m2 = 0 (mod p), the mapping <py Hx -» A has singularities.
Proof. Let P be any point of X, and let Z = SpecOP/(xm, ym) as above. Then (2) , (3), and Proposition 9 imply immediately that (30) [Z] = [Spec 0P/(xm, ym)\ is a singularity of the mapping tpy Hx -* A, where n = m2 = 0 (mod p), whence the theorem. D Specializing to the case of an abelian surface X = A, we conclude that <py HA -» A is not smooth for n as in the theorem; this gives the counterexample to smoothness of <pn for all n promised above. It also gives a counterexample to the converse of (28) in characteristicp: the Albanese mapping/: A -» A is smooth, but <p" is not smooth for n»0.
But there is more to say. We first note that every fiber of tp" has singularities of the type given by (30): given a E A, choose c E A such that ne = a (divisibility of A), and form the subscheme Z = Spec Oc/(xm, ym) as above; then [Z] is a singularity of <pn lying over <p"([Z]) = nc = a. This exemplifies the well-known failure of Sard's theorem in char/; (every a E A is a "critical value" of (¡p").
Furthermore, since the fibers of cpn all have the minimal dimension 2n -q [6, Theorem 4], our earlier argument (remark following proof of Theorem 3) shows that the singularities of <p" are singular points of their fibers. By contrast, it is proved in [6,Theorem 6,Corollary 1] that if p\n, then the fibers of <py HA -A are nonsingular varieties (this follows from Theorem 5) which desingularize the corresponding fibers of fy A(n) -» A; the case where p \ n is not settled by the method used there. We now see that this desingularization fails if p \ n. Application 4. Our goal here is to formulate and prove a natural generalization of (4) for curves to the case of surfaces which appears as Theorem 8 below. We first rephrase (25), the local version of (4), in the language of jets.
Let y be a nonsingular variety of dimension y, and QyiV the Oy ^-module of germs of holomorphic 1-forms at y E Y. We say that two holomorphic 1-forms co, and co2 on y have the same m-jet at y <=» the germ of co, -co2 G M™+x ■ QlY . In other words, if we write co, = hxx dxx + ■ ■ ■ +hx rdxr and co2 = h2x dxx + ■ ■ ■ +h2 rdxr using the local parameters xx,...,xraty, then the power series expansions of n,, and n2, agree to order nz for 1 < z < r. In this language, we see that (25) is equivalent to the following statement:
(31) co(n) is zero at (nP) E C(n) <=> the (n -l)-jet of co is zero at P E C, where C is an irreducible and nonsingular curve and co is a holomorphic 1-form on C.
We seek to generalize (31) to surfaces; the first step is another explicit computation using Theorems 1 and 2, which we state as Proposition 10. Let X be an irreducible and nonsingular surface, 0P= O the local ring at P E X, x, y local parameters at P, I -(x", y) E O, and Z= Spec 0/7; thus Z has length n ({1, x,.. .,x" '} (mod 7) is a basis of 0/7) and is concentrated at P. Let co = hxdx + h2dy be a holomorphic 1-form on X. Expand n, and n2 in power series the terms for which i + s 3= n drop out of this sum since x" = -e (expression in x), and e2 = 0. Among the remaining terms, we get a contribution to the trace whenever x' -x'+s (^ s -0), and this contribution is -ec00/30. Since we get this contribution n times (0 < z «£ n -1), the trace is equal to -n G c(0 0)/30, which has E-coefficient this expression is zero for all v E TH,Z, » the expression is zero for all choices of the <xr and ß0 » the coefficients are all zero: bk 0 = 0 for 0 < k < n -1 and n • c00 = 0, which proves the proposition. D To generalize (31) to surfaces X, it is not enough to consider the behavior of a symmetrized differential at a single point [Z] E Hx lying over (nP) E X(n); we must rather consider its behavior on the locus ayx((nP)) of all the points [Z] lying over (nP). We recall the following (remarkable) fact concerning this locus:
(34) ayx((nP)) is irreducible (Briançon) and of dimension n -1 [7, Chapter 5, and Theorem 2.13].
As in Proposition 10, let x, y be local parameters at P E X, and to = hxdx + h2dy be a holomorphic 1-form on X, where n, and n2 have the power series expansions Proof. By (35), it is enough to prove: co[n] is zero on G» the conditions (36) hold. To do this, we first find the conditions imposed on the coefficients b¡,, c¡ . when co^nX is required to be zero at a particular point [Z"
^ _ ] G G (these are polynomial relations in the b's, c's, and a's). We then show that requiring these relations to hold for all choices of the a's is equivalent to imposing the conditions (36) on co.
For the first step, fix a point [Za a ] E G, and make the change of coordinates x = x, y'=y-axx-otn_xx"~x.
Rewriting co in x, y' coordinates, we get co = hx dx + h2 dy = hxdx + h2idy' + 2 ta,x'-x \ dx Let ßk be the coefficient of xk in the power series multiplying dx in (37). Since the ideal of Z a in x, y' coordinates is (x", y') E 0P, Proposition 10 implies that (38) co[n] is zero at [Za¡ ^ J « ß0 = ßx = ■ ■ ■ = /?"_, = 0 and n • c00 = 0; although not made explicit, these are the polynomial relations we had in mind.
We now show by induction on k that requiring ßk (0 < k < n -1) to be zero for all choices of ax,...,an_x is equivalent to the conditions (36). First note that the " pure x " part of the dx-coeificient in (37) is given by 2 U"2v)+ 2 cux'l"z <xtx<) -(V,«,*'-1
after factoring. By the multinomial theorem, this becomes
For a given choice of i and y in the above sum, we call i + j the weight of the associated terms. It is then clear that ßk, the coefficient of xk in (39), can only involve terms of weight < k. This, together with our induction hypotheses, will simplify the computations.
Step k -0. By inspection of (39), we see that ßo = "o,o ~*~ a\ ' co,o> this equals zero for all choices of ax <=» bQ0 = c00 = 0, which are the conditions of weight 0 in (36).
Induction
Step. Suppose that we have shown that ß0 = ßx = ■ ■ ■ = ßk-X =0 (0 < k < n), for all choices of the a's, is equivalent to the conditions b, , = c,, ,. = 0 tór:Ó<i'+j<k-Í, (in all characteristics). In view of (40), we now have that b, ,, = c¡: ■ = 0 for 0 < z + y < k -1, as well as the desired conditions of weight k, so the induction step is complete and the theorem is proved. D Remark. Since the expression (42) for ßk only involves a, and a2, we see a posteriori that a3,... ,a"", are superfluous for the proof. Put another way, we have that co[n] is zero on all of ayx((nP)) <=> co[nX is zero at every point [Z0 a 0 0] «=> the conditions (36) hold.
The generalization of (31) to surfaces which we have been seeking is given by the Theorem 8. Let X be an irreducible and nonsingular surface and let co be a holomorphic l-form on X. If the (n -l)-jet of to is zero at P E X, then oo[nX is zero at every point of ayx((nP)) E Hx. Moreover, if we assume in addition that co is closed at P and that char(/c) -p\n, then the converse holds as well.
Proof. The first assertion follows immediately from Theorem 7: the (n -l)-jet of co is zero at P => conditions (36) hold =*oo[n]is zero on ayx((nP)).
(Alternative Proof. Suppose that the (n -l)-jet of co = hx dx + h2 dy is zero at PGA. Then hx, h2 E MP, and since Af^ C 7 for all ideals 7 of colength n in 0P [7 We now prove the second assertion. In view of Theorem 7, we must prove that under the additional hypotheses given above, the conditions (36) imply the conditions btJ -c¡ ■ = 0 for 0 =£ i + j < n -1 (which say that the (n -l)-jet of co at P is zero). Since u> is closed (dhx/ay = dh2/dx), the b's and c's of weight n -1 satisfy the relations (y + l)Z>n-,-2,7+1 -(n -y -lH-j-i,j = 0 for 0 *£/ *£ n -2; confronting these with the weight n -1 relations K~j-2,j+\ + C ■_, . = o
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use for 0 <j < n -2, from (36), we conclude that b".~2j+i = cn-j-\,j = 0 for 0 <j < n -2 (which proves what we want), since the determinant + 1 -(n-y-1) 1 1 n^O (since we have assumed that p \ n). □ 6. Connection with generalized Weierstrass points. As noted in the Introduction, a Weierstrass point of a complete nonsingular curve C is a point P E C for which the point (gP) is a singularity of the Jacobian mapping/g: C(g) -* J (i.e. gP is a special divisor), where g is the genus of C. To bring this paper to a close, we show that (for one definition of generalized Weierstrass points) a similar interpretation is possible for the generalized Weierstrass points on a surface X, in terms of singularities of the Albanese mapping <¡>y HX->A. Here we assume that X is an irreducible and nonsingular projective surface/C. The following definition of the Weierstrass points on X (which generalizes the classical definition for curves) is a special case of a general definition given in [9] , which applies to varieties of any dimension and any bundles on those varieties. Let J¡T(ÜXX) denote the 0^,-module of m-jets of holomorphic 1-forms at P E X.
Definition. P E X is a Weierstrass point of order m (for the cotangent bundle Qxx) <=> the natural map ffiTiQhl-.JfiQx)
(which takes a global 1-form to its nz-jet at P) is not of maximal rank. In other words, P is a Weierstrass point of order m if more than the "expected number" of independent holomorphic 1-forms on X have zero m-jets at P. More precisely, if we let Kp" E T(Q,XX) be the kernel of j™, then (43) P E X is a Weierstrass point of order m » dimA(A:™) > max{c7 -(m + l)(m + 2),0}, where q = dimk(T(£lxx)) = dim A is the irregularity of X, and (as is easily checked) (m + l)(m + 2) = dimk(Jpm(nxx)). Since X is projective/C, every global 1-form on X is closed, and (as previously noted) the Albanese mapping /: X -* A induces by pullback an isomorphism /* : T(QXA) -* T(ttxx) [18, §9] . Hence, by Theorem 8, (44) co G Tí™ «• to[m+n is zero at every point [Z] G a-x+x((m + l)P) E Hx'+X. But, for nonzero co, the zeros of to[m+1] are singularities of <pm+x, so (replacing m + 1 by n) (44) suggests a theorem relating singularities of <py Hx -» A and Weierstrass points of order n -1 on X; it is now simply a matter of stating this theorem precisely.
To do this, let 0 ^ co G T(üxx), and let co^ G T(ÜXA) be such that oo = f*(uA). 
